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A HYPERGEOMETRIC PROOF FOR A BINOMIAL IDENTITY RELATED TO 1/pi
BENJAMIN HACKL AND HELMUT PRODINGER
ABSTRACT. We show that a binomial identity arising in the context of the study of series expansions
of 1/pi can be seen as an incarnation of Whipples second theorem for hypergeometric series.
In [2], Sesma studies a family of series expansions for 1/pi based on Heaviside’s exponential
series. As a side product of these investigations, the hypergeometric identity
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with k ≥ m ∈ Z≥0 arises and was conjectured to be new.
We observe that rewriting the left-hand side of (1) with the help of factorials, regrouping the
terms and simplifying quotients with the help of the Pochhammer symbol (`)n = `(`+1) · · · (`+
n− 1) yields
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The second Whipple theorem (cf. [1, Section 4.4]) for 4F3-hypergeometric series states that
for suitable complex-valued variables a, b, c we have
4F3

a, 1+ a/2, b, c
a/2, a− b + 1, a− c + 1
− 1= Γ (a− b + 1)Γ (a− c + 1)Γ (a + 1)Γ (a− b− c + 1) . (3)
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By comparing this to the hypergeometric 4F3-term in (2) we can immediately see that we can
use the second Whipple theorem with a = k + 1, b = −m, c = m+ 1 to rewrite (2) further to
(k + 1)! k!
(k−m)! (k + m+ 1)!
Γ (k + m+ 2)Γ (k−m+ 1)
Γ (k + 2)Γ (k + 1)
=
(k + 1)!m! k!
m! (k−m)! (m+ k + 1)!
(k + m+ 1)! (k−m)!
(k + 1)! k!
= 1,
where we only had to use the relation Γ (`+ 1) = `! for non-negative integers `. This proves
that the binomial identity (1) is a consequence of the second Whipple theorem.
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